In this paper, a reconfigurable antenna codebook feedback scheme is investigated to reduce precoding codebook loss without increasing the number of feedback bits. Analysis and simulations show that increasing the number of receive antenna states (S) has the same effect as codebook size expansion when the codeword and state selection is based on minimizing the distance between channel and codeword.
I. INTRODUCTION
In this paper we consider a limited feedback (FB) multi-input single-output (MISO) precoding system equipped with reconfigurable antennas. Reconfigurable antennas [1] , [2] , [3] have great potential in small hand held devices and are very attractive due to their ability to change radiation pattern, frequency of operation or polarization. This allows the propagation channel to be altered dynamically and deliberately, so that different channel conditions can be experienced. Many forms of reconfigurable antenna have been proposed in the literature. An adaptive resolution array was described in [4] to convert the actual scattered channel matrix into a channel which exhibits optimum capacity scaling properties. Polarization states were considered in [5] where the state switching is performed by microelectromechanical actuators. Pattern diversity in an antenna array is investigated in [17] where varying the loads on parasitic elements in the array creates different channels. Pattern diversity is also explored in [7] where PIN diode switches reconfigure the antenna length, hence altering the coupling and radiation patterns. Limits of reconfigurable antennas are studied in [8] where the performance of a finite volume array is investigated as the number of states and the number of elements both grow. In this scenario, a region of diminishing returns is demonstrated. In this paper, we take a general approach to the problem and model the different channels delivered by the reconfigurable arrays rather than any one specific mechanism.
A significant amount of research has recently been focused on limited feedback precoding systems [9] , [10] . Codebook transmit beamforming is now a part of LTE standards [11] . The codebook size, 2 B , defined by the number of feedback bits (B), impacts performance and is related to system diversity [12] . The trade-off between performance and the amount of feedback has been extensively researched [9] , [10] .
In terms of limited feedback performance analysis, there is now a considerable body of work, mainly for single user systems. Results are available for independent and identically distributed (i.i.d.) Rayleigh channels [13] , [14] , [15] , [16] , [17] , correlated Rayleigh channels [18] and double-sided correlated Rayleigh channel matrices [19] . These results apply to MISO channels [15] , [16] , [18] and multiple-input multiple-output channels [13] , [14] , [17] , [19] . The analytical approaches are based on random vector quantization (RVQ) [13] , [15] , [17] , [19] approaches or on distortion bounds and approximations [14] , [16] , [18] . Particular contributions include bounds on the ergodic capacity loss due to limited feedback [13] , bounds and approximations on outage probability and the mean SNR loss due to limited feedback [14] , bounds on capacity loss due to spatial correlation [18] , asymptotic (large system) results on beamforming capacity [17] and bounds on SNR loss and mutual information loss [19] . For the case of i.i.d. Rayleigh MISO systems, exact results were obtained in [15] covering mean SNR, outage probability, ergodic capacity and average bit error probability.
We propose a limited feedback precoding system employing reconfigurable receive antennas.
We aim to achieve the performance of a given value of B while using fewer feedback bits. We consider both perfect and imperfect channel state information (CSI) at the receiver. The receiver compares the normalized reconfigurable channel with the entries in a codebook and feeds back just the index of the nearest codebook entry. With limited codebook cardinality, it is virtually impossible to find a codebook entry at zero distance from the corresponding channel values and a loss is incurred [20] . Increasing the number of possible channel conditions instead of increasing the codebook size and required feedback bits, is the basis of our underlying approach towards minimizing the loss due to codebook mismatch. This is particularly suitable for systems with fixed feedback bits, but variable training length. Overall, the training length can be reduced at the cost of imperfect CSI, but we can still achieve gains from reconfiguration. We will consider the effect of channel estimation errors.
Increasing the number of possible channel conditions while having limited codebook cardinality, gives new degrees of freedom which can be used to reduce codebook/quantization loss and give an overall improvement in SNR due to increased channel power if the channel states are carefully selected. The optimum approach (OP) proposed here maximizes both the channel power and the direction by carefully selecting the channel state and the codebook codeword.
We also consider two more selection approaches called channel direction (CD) and channel power (CP), to investigate the source of the gains achieved by the optimum method. Finally, we investigate the impact of correlated states on performance. We show that a simple closed form result can be used to measure the number of equivalent independent states in the correlated case. The performance of a system with this reduced, equivalent, number of independent states is shown to be close to the performance of the full system with correlated states.
The paper is organized as follows. Section II introduces the reconfigurable codebook based MISO system and describes three codeword and state selection techniques. Section III gives the analytical forms of the expected SNRs for the selection approaches and shows that reconfiguration is equivalent to a bigger codebook size. Section IV considers correlated antenna states and simulation results follow in Section V for perfect and imperfect CSI. Section VI presents conclusions.
II. SYSTEM MODEL
We consider a single user MISO feedback system employing single stream transmission using fixed LTE [11] , Grassmannian [12] and RVQ codebooks [21] . The receiver and transmitter share a common codebook and an error free, zero delay feedback link is assumed.
A. Reconfigurable codebook based MISO System Model
Let there be N t transmit antennas in an N t × 1 MISO system, where the receive antenna is equipped with a reconfigurable antenna that has S uncorrelated channel propagation states.
This results in S possible channel vectors. The channel vector corresponding to the s th state is defined as
where h s k denotes the channel coefficient between the k th transmit antenna and the receive antenna. The overall set of possible channel vectors can be given as {h 1 , h 2 , ..., h S }, where each h s is assumed independent. The case of correlated channel vectors is considered in Section IV.
For each transmission, the state, s, and hence h s is chosen based on the selection techniques discussed later. We assume a frequency flat quasi-static Rayleigh fading channel, where each h s k ∼ CN (0, 1). First we assume perfect CSI at the receiver, where
is a row vector representing the normalized channel direction and † denotes the Hermitian transpose. The transmitter encodes the data, z, by a precoding vector, w p , which is selected from a codebook, given by
and each codeword is a N t × 1 vector. The system input output relationship can be modelled as
where r is the received scalar signal, w p z is the N t × 1 transmitted signal and n is an i.i.d.
The codeword index, p, identifying the desired beamforming vector is conveyed from the receiver to the transmitter using B feedback bits. We assume a total transmit 
In (3), each state of the receive antenna, s, gives a different channel power, X s = λ s , and we see there is no ceiling on performance as SNR p,s increases with γ. However, there is an SNR loss factor due to codebook mismatch given as (3) can be written as
For the perfect feedback (PFB) case, the loss factor Y p,s = 1, whereas for a codebook feedback system Y p,s < 1. The system rate is given as
The imperfect CSI is modelled as [22] 
whereĥ s k is imperfect CSI, is an independent zero mean complex Gaussian variable with variance 0.5 per dimension and η is the correlation betweenĥ 
B. Codeword and State Selection Methods

1) Maximizing Channel Direction (CD):
This approach uses the channel with the best direction. In this approach, the direction is maximized over all states and codewords w p . The index of the best codeword, p * , is fed back to the transmitter, and the receiver is set to state s * , where
2) Maximizing Channel Power (CP): This approach maximizes the channel power resulting in channel h s * being used for transmission, where
Given s * , the best codeword, w p * , is selected based on the best SNR such that
This approach maximizes channel power over all states and then uses the best codeword index for that state.
3) Optimum Approach (OP): In the optimum approach, the codeword, w p , and the state are selected such that the codeword index p = p * and CPS s = s * satisfy
This approach simultaneously maximizes both X s and Y p,s over all codewords and states.
III. ANALYSIS
In order to understand the different selection methods, and quantify the gains obtained from channel direction and channel power, we now derive the expectation of the received SNR. To make analytical progress, RVQ codebooks are assumed here.
A. Maximizing Channel Direction
When maximizing SNR p,s for the channel direction we maximize only over the loss factor term Y p,s and X s is ignored in (4). Since X s and Y p,s are independent, we can write
where X is an arbitrary channel power and
Assuming RVQ codebooks of size 2 B , the CDF, PDF and expectation of an arbitrary Y are given by [21] ,
where β( . , . ) is the Beta function. Then, using (13) , it is straightforward to show that the CDF of max{Y p,s } for s = 1, 2, .., S is equal to
Note that the CDF in (16) is the same as that for a non-reconfigurable antenna codebook feedback system with a codebook size of 2 B S. From (15) it follows that
Also, X = Nt k=1 |h k | 2 has a χ 2 distribution, assuming an i.i.d. Rayleigh fading channel, so that
Note that as X is an arbitrary channel power, the superscript in h s k has been dropped.
B. Maximizing Channel Power
In the case of maximizing the channel power, we maximize only over X s and Y p,s is ignored.
Since X and Y are independent we have
where Y is an arbitrary SNR loss factor,
and E[Y ] is given by (15) .
The CDF of max{X s } is the CDF of the maximum of S χ 2 variables having PDF equal to
and CDF equal to
The CDF of max{X s } with s = 1, 2, ...S, is (F X (x)) S and the PDF is SF X (x) S−1 f X (x). Hence, using the above equations,
Also, from (22) we can write
...
Substituting (21), (24) and (25) in (23) gives
Hence, but the elements of h s and h t are not independent for s = t. We consider the two correlation structures: exponential correlation (EXC) and equal correlation (EQC). With the exponential model [24] , the state number has a physical interpretation such that h 1 is more strongly correlated with h 2 than with h 3 . Hence the labelling of the channels relates to how similar the channels are.
Here, E[(h With the equal correlation model, all states have the same correlation with each other so that
Since the correlations with the exponential model decay as powers of r, there is less overall correlation between the states compared to the equal correlation model.
Consider the vector h
T containing the k-th elements of h 1 , h 2 , . . . , h S .
The correlation matrix, R, of h is defined by (R) ij = r |i−j| for the exponential model and by (R) ij = r for the equal correlation model. When r = 0, h contains S independent channel elements and we have the gains due to reconfiguration discussed in Sections II and III.
When r = 0, the correlation between states will reduce the gains, but a direct analytical evaluation of the performance appears to be intractable. Consider the analysis in Section III-B where the maximum channel power is considered. In the correlated scenario, the mathematical framework for such a performance analysis is that of order statistics for identical but correlated variables. A description of the approach is given in [27, p. 99] . In addition to being cumbersome and involving multiple summations, the approach relies on the joint density of S correlated Chisquared variables. Such a density involves infinite series and special functions even for S = 3 [25] and is unknown for S > 4. For this reason we do not pursue this direction further. However, a convenient way to quantify the effects of correlation can be found in [26] . Here, a metric was proposed to measure the number of independent channels (NIC) in a correlated channel vector, h. The metric can be defined as
where the matrix A = A ij is found from the Cholesky decomposition of the correlation matrix, R = AA † . Using this metric, the performance of the reconfigurable system with S correlated states can be approximated by that of a reconfigurable system with S − K independent states
For the exponential model, it is known that
bound. This gives the particularly simple approximation that correlation results in a loss of K independent states when (S − 1)r 2 = K. Hence, the correlation parameter
results in an approximate loss of K independent states. Although this result was derived from the exponential model, it is also useful for the equal correlation model as shown in Section V, where the accuracy of this approach is demonstrated.
V. SIMULATION RESULTS
We use RVQ codebooks to compare the simulated and analytical results. Grassmannian codebooks [23] are used to explore the codebook expansion effect due to their availability in different sizes. Standard LTE codebooks are then used to demonstrate the improvements offered by reconfigurable antennas over non-reconfigurable systems. Note that the analytical results in (18) and (27) are given by the lines and simulations are plotted using points. It can be seen that they follow each other almost exactly. Also, we see that the and 2 B = 64, S = 4 (solid lines). It clearly shows that the optimum approach has the best performance compared to the use of channel direction and channel power and that the channel direction method improves over a non-reconfigurable system with codebook feedback, but never exceeds perfect feedback unlike the channel power and optimum approaches Also, the gains of the optimum scheme over channel power are marginal. Note here that the expanded codebook size is 2 B S = 256 for both cases, and as shown by the superimposed curves for channel direction in Fig. 2 and in (16), the SNR CD CDFs are equal. However, there is a higher selection gain for the optimum and channel power methods for S = 16 while using a smaller codebook (4 bits), compared to S = 4 and a 4 times larger codebook (6 bits). Fig. 3 shows the QPSK symbol error rate (SER) comparison for non-reconfigurable (NRA, blue line) and reconfigurable systems with S = 2 (RA, red lines) and S = 4 (black lines) for codebook feedback MISO systems using optimum selection. First we consider the perfect CSI case (solid lines). For the 2 × 1 system at a SER of 10 −2 , the gain in γ for S = 2 is about 4 dB over non-reconfigurable codebook feedback and is 2 dB more for S = 4. For the 4 × 1 system at a SER of 10 −3 , the gain in γ for S = 2 is about 3 dB over non-reconfigurable codebook feedback. It is about 1.7 dB for S = 4 over S = 2. We see that the SER gains diminish with 4 shows the rate CDFs for the MISO systems using optimum selection for S = 2, 4, 8 and LTE codebooks. We see that for the N t = 2 system (left) with just S = 2, the rate performance achieved, not only overcomes the quantization/codebook loss, but is always better than the rate achieved from the perfect feedback non-reconfigurable case. As S increases, this gain over the perfect feedback non-reconfigurable case increases. However, in a N t = 4 system (right), reconfiguration with S = 2 achieves a better rate than a perfect feedback non-reconfigurable antenna for 13% of the curve, S = 4 for 70% of the curve and S = 8 for 93% of the curve.
Figs. 5 and 6 show the impact of correlation between states on performance. In Fig. 5 we have a 4 × 1 system with S ∈ {1, 2, 3, 4}, γ = 0dB and 2 B = 16. The CDF of the SNR (labelled IID) is shown for independent states with S ∈ {1, 2, 3, 4}. Clearly, the incremental performance losses increase as S drops from 4 to 1. Also shown are the CDFs of the SNR for S = 4 with correlated states. Results for both the exponential (EXC) and equal (EQC) correlation models are shown for r = 1/3 (corresponding to a loss of 1 state from (28)) and r = 2/3 (corresponding to a loss of 2 states). As expected, the equal correlation model gives worse performance than the exponential model, but the difference is not major. We note that the remarkably simple result in (28) gives a good indicator of performance as the CDFs for the correlated cases with r = 1/3 and r = 2/3 being similar to the CDFs for S = 3 and S = 2, respectively, for both exponential and equal correlation models. Note that when K = S −1, only one state remains and here, r = 1, so we have exactly one independent state. Hence, the use of (28) is exact at the extremes of K = 0 (r = 0) and K = S − 1 (r = 1). 
VI. CONCLUSION
The reconfigurable codebook feedback system proposed, significantly improves the SNR, SER and the rate of the codebook feedback MISO system. Our analytical (16) and simulation results
show that the CDF from using channel direction selection in a codebook feedback MISO system equipped with an S state reconfigurable antenna at the receiver, is equivalent to that of an expanded codebook with size 2 B S. Thus, a smaller codebook can be used to achieve the same SNR performance as with a larger codebook and hence reduce the number of feedback bits.
In this paper, we consider three reconfigurable antenna codebook selection techniques and have demonstrated that the channel direction approach is considerably worse than the channel power scheme which is close to optimum in terms of both SNR and rate performance. The expected SNR expressions for the channel direction and channel power schemes are also given from which we conclude that the traditional channel direction approach provides only a very small part of the gains offered by the optimum scheme. When using a system with reconfigurable antenna, codebook feedback and optimum selection, we also show that as the number of states increase, the gain in SNR, SER and the rate of the system increases. Their CDFs show that they not only overcome the codebook loss, but the gain exceeds that achieved by a non-reconfigurable antenna with perfect feedback. SER curves show that the SER slope of the system improves as S increases. Also a larger 4 × 1 system with 2 B = 16, S = 2 and a smaller 2 × 1 system with 2 B = 4 and S = 4 have similar SER slopes at high γ. By doubling S the gain in SNR is approximately 40% as compared to S = 1. The overall SER conclusions remain the same for the imperfect CSI cases considered (η = 0.995, 0.98), which are more realistic scenarios and require less training overhead. Thus, using the proposed reconfigurable codebook feedback system with optimum selection, the codebook loss due to quantization can be significantly reduced with only S = 2 and the resulting SNR and rate can exceed those of the perfect feedback traditional fixed antenna system. Finally, we show that a simple closed form result can be used to measure the number of equivalent independent states in the correlated case. The performance of a system with this reduced, equivalent, number of independent states is shown to be close to the performance of the full system with correlated states.
